Abstract In this paper, we solve the simultaneous Diophantine equations (SDE)
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Introduction
The cubic Diophantine equations has been studied by some mathematicians. Gerardin gave partial solutions of the SDE
in 1915-16 (as quoted by Dickson, pp. 565, 713 of [5] ) and additional partial solutions were given by Bremner [1] . Subsequently, complete solutions were given in terms of cubic polynomials in four variables by Bremner and Brudno [2] , as well as by Labarthe [7] . In [4] Choudhry presented a complete fourparameter solution of (1) in terms of quadratic polynomials in which each parameter occurs only in the first degree.
In this paper we are interested in the study of the SDE 
where n ≥ 3, and k = n, is a divisor of n ( n k ≥ 2).
Also we study the other DE 
where m, n, a i , b i ∈ N and p i , q i ∈ Z. This is a generalization of the Fermat's equation.
A common generalization of Fermat's equation is Ax a + By b + Cz c = 0, where a, b, c ∈ N ≥2 and A, B, C ∈ Z are given integers with ABC = 0 and x, y, z ∈ Z are variables. In 1995, Darmond and Granville (See [6] ) proved: If A, B, C ∈ Z , ABC = 0 and a, b, c ∈ N ≥2 be such that To the best of our knowledge the SDE (2) and the DE (3) has not already been considered by any other authors.
We prove the following main theorems:
Main Theorem 1 Let n ≥ 3, and k = n, be a divisor of n ( n k ≥ 2). Then the SDE (2) have infinitely many nontrivial parametric solutions in nonzero integers.
Main Theorem 2 Let m, n, a i , b i ∈ N and p i , q i ∈ Z. Suppose that there is a i such that p i = 1, and
Then the DE (3) has parametric solution and infinitely many solutions in nonzero integers. This solves the DE x a + y b = z c in the special cases of (a, b, c) = 1, or (a, b, c) = 2.
In this section, we proof the first main theorem.
Proof : Firstly, it is clear that if
, be two solutions for the SDE (2), then for any arbitrary rational number t, X + tY is also a solution for µ = 1, i.e., (
We say that X is a trivial parametric solution of the SDE (2), if it is nonzero and satisfies the system trivially. Let X, and Y be two proper trivial parametric solutions of the SDE (2), (we will introduce them later). We suppose that X + tY , is also a solution for the case µ = 3, where t is a parameter, we wish to find t. By plugging
Since X and Y are solutions for the SDE (2), after some simplifications, we obtain:
By substituting t in the above expressions, and clearing the denominator B 3 , we get an integer solution for the SDE (2) as follows:
If we pick up trivial parametric solutions X and Y properly, we will get a nontrivial parametric solution for the SDE (2). We should mention that not every trivial parametric solutions of X and Y necessarily give rise to a nontrivial parametric solution for the SDE (2). So the trivial parametric solutions must be chosen properly. Now we introduce the proper trivial parametric solutions. For the sake of simplicity, we only write down the trivial parametric solutions for the left hand side of the SDE (2). It is clear that the trivial parametric solutions for the right hand side of the SDE (2) can be similarly found by the given trivial parametric solutions of the left hand side of the SDE (2) .
A) The case n ≥ 3 and
There are 4 different possible cases for n:
B) The case n ≥ 3 and n k = 2:
(In the final case we present the trivial parametric solutions X, and Y, completely.)
Finally, it can be easily shown that for every i = j, we have:
, it is really a nontrivial parametric solution in terms of the parameters p i , q i , r i and s i . It is clear that by fixing all of the parameters p i , q i , r i and s i , but one parameter, we can obtain a nontrivial one parameter parametric solution for the SDE (2) and by changing properly the fixed values, finally get infinitely many nontrivial one parameter parametric solutions for the SDE (2). Now, the proof of the first main theorem is completed. ♠ Now, we work out some examples.
Trivial parametric solutions (case 5):
Example 1:
Trivial parametric solutions (case 3):
Example: p 1 = 2, p 2 = 5, p 3 = 7, p 4 = 6, q 1 = 5, q 2 = 3, r 1 = 7, r 2 = 8, r 3 = 9, r 4 = 9, s 1 = 10, s 2 = 6, A = −593, B = 1129, Solution:
Trivial parametric solutions (case 2):
Example:
Trivial parametric solutions(case 5):
Example: u = 2, v = 1, or u = 10, v = 7, or u = 100, v = 11, or u = 100, v = 1, Solutions:
Trivial parametric solutions (case: 4, 1):
Example: u = 10, v = 3, Solution:
Trivial parametric solutions (case: 1, 2):
Example 2: u = 1, v = 10, s = 20, t = 30, Solution:
Producing another solution of the DE
under conditions that : (These conditions will be necessary because we wish the other solution not to be trivial.)
We try to find another solution by using the first solution. Define two variables function:
(Also, we may define: F (x, y) := (tx 1 x + y) 3 + (tx 2 x + y)
where t is an arbitrary integer.)
It is clear that if F (x, y) = 0, then (2x 1 x + y, 2x 2 x + y, · · · , 2x n x + y, 2y 1 x + y, 2y 2 x + y, · · · , 2y n k x + y), is another solution for the DE (4). We have F (x, y) = 6xy[(2x = 0, then we get F (x, y) = 0, which gives rise to another solution for the DE (4): By continuing this method for the new obtained solution, we get infinitely many solutions for the DE (4) . This means that we may get infinitely many nontrivial solutions for the DE (4) by using a given solution. If the primitive solution X be a parametric solution, we get another parametric solution for the DE (4).
Let (a, b, c, A, B, C) be a solution for the above DE. We find another solution by using the first solution. 
The DE
In this section, we prove the second main theorem. Let the above DE be in the form:
Then we have:
Define:
n , where t i and s i are arbitrary integers. Now we introduce the our parametric solution:
where k is a natural number such that
From the Chinese remainder theorem, we know that there exists a solution for k, since (a 1 , a 2 · · · a n ·b 1 · · · b m ) = 1, that is, the all exponents used in x i and y j are natural numbers. We claim that this is a parametric solution for the DE (5):
Now the proof of the second main theorem is completed. Since s i , and t i were arbitrary, we also obtain infinitely many solutions for the above DE.
Example 9
The DE x 2 and (5, 6 · 7 · 8 · 9) = 1, then by using the previous theorem, we conclude that the aforementioned DE has infinitely many solutions in integers. Put: m := r 7 + s 8 + t 9 − w 6 , where r, s, t and w are arbitrary integers. As an example, if we let: (r, s, t, w) = (3, 2, 1, 3) and k = 504, then we get: m = 1715,
Namely, we have:
By letting (r, s, t, w) = (3, 2, 2, 2) and k = 504, we get:
By changing (r, s, t, w), we obtain infinitely many solutions.
Example 10
The DE x 5 = 6(y
3 ) has infinitely many solutions in integers. If we put: m := 6r 7 + 6s 7 + 6t 7 , where (r, s, t) = (1, 1, 1) and k = 14, we get:
By letting: (r, s, t) = (3, 2, 5) and k = 14, we obtain: Then it suffices to study the case (a, b, c) = 2. However, we know that the Diophantine equations x 4 + y 4 = z 2 and x 4 − y 4 = z 2 have not any solutions in integers. So it suffices only to study the case where at most one of a, b, c is divisible by 4. In the sequel, we study this case by proving several theorems.
, where B and C are both odd and (B, C) = 1, has infinitely many solutions in integers.
Proof : we have
. By plugging these into the equations, we get :
Since (C, 2B) = 1, the DE z C = 2
is solvable for z, t 1 , t 2 from the second main theorem. Also x and y are computed from y = 2t 1 t 2 , x = 2 2(B−1) · t is solvable from the previous theorem due to (A, C) = 1. Then we obtain m, r, s, and in the end we get x, y, z, and the proof is completed.
Theorem 3
The DE x 4A + y 2B = z 2C , where B and C are both odd and (A, C) = 1 and (AC, B) = 1 has infinitely many solutions in integers.
Proof : We know that the DE X 2A + Y B = Z C with the condition (2AC, B) = 1 is solvable and its solution is: . Since (C, 4A) = 1, the DE R C = 2 2(2A−1) · p 4A + q 4A is solvable for R, p and q, from the second main theorem. And M , and S are computed from S = 2pq, M = 2 2(2A−1) · p 4A − q 4A , as well, the proof is completed.
We note that the previous theorem is the case that in the DE x a + y b = z c , exactly one of a or b is divisible by 4, and (a, b, c) = 2.
Example 13 We wish to solve the DE x 6 + y 10 = z 14 . We know that the DE x 3 + y 5 = z 7 is solvable and its solution is: m := r 7 − s 3 , z = m where r, and s are arbitrary integers. Now, if we obtain a solution for the DE x 3 + y 5 = z 7 from the solution just introduced, where x, y and z are squares, then we get a solution for the DE x 6 + y 10 = z 14 . From the above solution for x, y and z, we see that if m, r and s be squares, then x, y and z will be squares, as well. Since m := r 7 − s 3 ,
Remark 1
If in the previous theorem, we take c = 1, we can solve it by another beautiful method. We start from the identity (m 2 − n 2 ) 2 + (2mn) 2 = (m 2 + n 2 ) 2 .
We see that: if in the above identity m 2 + n 2 , to be square, then we get a solution for the DE x 2 + y 2 = z 4 . As an example, we can get m and n from the Pythagorean triples. For m = 4, n = 3, we obtain: 7 2 + 24 2 = (5 2 ) 2 = (3 2 + 4 2 ) 2 = 5 4 .
By letting n = 7, m = 24, we obtain: 572 2 + 336 2 = (7 2 + 24 2 ) 2 = (5 4 ) 2 = 5 8 .
By continuing in this way, if we put m = 572, n = 336, we get a solution for the DE x 2 + y 2 = z 16 . If we change m, n, we obtain another identity. If m = 120, n = 119, we have : 239 2 + 28560 2 = 13 8 . It is clear that by using this method we can find infinitely many solutions for the DE x 2 + y 2 = z 2 n ·c with (x, y, z) = 1, as mentioned in the Beukers theorem (see [3] ) in the introduction.
In the end, it is clear that at some variables parametric solutions obtained for the Diophantine equations, we may get one variable parametric solutions for each case of the above Diophantine equations by fixing the other variables.
